Introduction
Eshelby's solution [25] of an ellipsoidal inclusion in an elastic material has been used in various ways to upscale the behavior of composite materials. The Mori-Tanaka [65, 15] scheme and the Ponte Castañeda-Willis scheme [74] have been designed to retrieve the elastic behavior of composites featuring spherical [96] or elongated inclusions [88] . Such mean-field homogenization schemes based on Eshelby's solution have been coupled to the correspondence principle [57, 62] to estimate the time-dependent strains of nonaging viscoelastic materials [95, 20, 59] : the Laplace-Carson transform turns the nonaging problem into a set of formal elastic problems in complex space. For composite materials made of elastic inclusions and a matrix modeled by a time shift method, such as many plastic materials and glasses [85, 86, 70] , the Laplace-Carson transform may still be applied in the equivalent time space [101, 55] . Yet, inverting the Laplace-Carson transform is still a compromise between accuracy and stability since this operation is ill-conditioned. This is one of the reasons why modern homogenization methods operate in the time domain [51, 92, 63, 16] .
Regarding aging viscoelastic materials, a closed-form solution has been proposed by Sanahuja [81] to handle the case of spherical inclusions in an aging linear viscoelastic matrix. Moreover, a reliable numerical procedure has been proposed to efficiently estimate the time-dependent strains. This procedure does not require inverting the LaplaceCarson transform and is able to handle any isotropic compliance.
This paper is devoted to validating and extending Sanahuja's method to ellipsoidal inclusions. Yet, the extension is limited to isotropic aging viscoelastic matrices featuring time-independent Poisson's ratio in the sense of Hilton [39] .
This extension may be valuable to study cementitious materials. Indeed, modern formulations of concrete may include aggregates [54] , steel fibers, expanded polystyrene particles [4, 80] or wood shavings [13] as inclusions and such inclusions can change the viscoelastic properties of the material [21] .
A recent numerical study has shown that the size distribution and the shape of aggregates have little effect on the time-dependent strains of concretes made with non-aging cementitious matrices [56] . Full 3D numerical simulations and semi-analytical homogenization schemes delivered similar estimates of the time-dependent strains. Yet, this study was limited to polyhedral aggregates with an aspect ratio close to 1 (the aggregates were neither flat nor elongated). Consequently, there is a question left: does the aspect ratio of the aggregates affect the time-dependent strains of concrete made with aging cementitious matrices? To answer this question, the following steps have been carried out:
In section 1, the method of Sanahuja [81] is extended to ellipsoidal inclusions. Eshelby's solution for an isotropic aging viscoelastic matrix featuring a time-independent Poisson's ratio is presented. The strain within the inclusion is still uniform and a time-dependent Eshelby's tensor may be defined. Then, the closed-form of the time-dependent localization tensor is derived using the Volterra operator. Finally, the Mori-Tanaka estimate of the overall viscoelastic behavior is obtained. The more sophisticated Ponte Castañeda-Willis linear estimate, which accounts separately for inclusion shape effects and effects of the spatial distribution of inclusion centers, is formally similarly extended to composites with elastic inclusions embedded in an aging viscoelastic matrix.
In section 2, the numerical procedure described in [81] is used to evaluate the proposed homogenization schemes. The resulting estimates of the overall timedependent strains are compared to existing ones for a fiber-reinforced polymer with a time-shift aging viscoelastic matrix. Then, a complex microstructure featuring 60% of polyhedral elastic aggregates embedded in an aging viscoelastic cementitious matrix is considered. The estimates of the time-dependent strains as evaluated by the method of Sanahuja [81] and by full 3D numerical computations are first compared for spherical inclusions. Finally, the proposed extension to ellipsoidal 2 inclusions of the Mori-Tanaka and Ponte Castañeda-Willis schemes are used to estimate the overall response of concrete-like materials. In particular, it will be shown that the aspect ratio of aggregates used in concrete does not significantly affect their viscoelastic behavior.
Extension of the model of Sanahuja to ellipsoidal inclusions
1.1. Estimating the overall time-dependent strains
Aging viscoelasticity
The stress tensor σ(t) in a viscoelastic material depends on the history of strain tensor ε(t). If the constitutive law is linear, the Boltzmann superposition principle states that the material properties are defined by a relaxation function (fourth order tensor), g(t, t ), such that:
where the integral is a Stieltjes integral. Similarly, the compliance function (fourth order tensor), t(t, t ) is such that:
If the elapsed time since loading is the only relevant parameter, the material is non-aging:
However, the assumption of non aging is not made in the following derivations. If the viscoelastic behavior is isotropic, a spherical relaxation function K(t, t ) and a deviatoric relaxation function G(t, t ) are defined, such that:
where e(t) = tr(ε(t))/3, p(t) = tr(σ(t))/3. The tensors σ d (t) and ε d (t) are respectively the deviatoric parts of σ(t) and ε(t):
where δ ij is the Kronecker symbol.
The homogenization method of Sanahuja
The homogenization method of Sanahuja [81] operates in the time domain to deal with a composite featuring isotropic aging viscoelastic phases. A spherical inclusion featuring a linear viscoelastic isotropic behavior (K i (t, t ), G i (t, t )) is embedded in an infinite matrix featuring a linear viscoelastic isotropic behavior (K m (t, t ), G m (t, t )) and a strain history E(t) is applied far from the inclusion.
As usually for linear elasticity, the solution of this problem provides the exact solution of the localization problem of a composite made of such inclusions embedded in the matrix, in the so-called "dilute limit", i.e. for volume fractions of inclusions sufficiently low so that mechanical interactions between inclusions can be neglected. For isotropic composites, this localization solution is fully determined when purely spherical or deviatoric overall strains histories E(t) are considered. Sanahuja proved that the strain history in the inclusion is uniform, with value ε(t). In addition, a localization tensor e(t, t ) is defined such that:
To ease the computations, the Volterra operator has been introduced. It reads:
for any scalar functions f and g. The identity element of the Volterra operator H is defined from the Heaviside function:
The value of the H function at t = t does not need to be specified. The inverse of f in the sense of the Volterra operator is denoted as f −1 so that f
The spherical part A k (t, t ) of e(t, t ) reads:
The closed-form expression of the deviatoric part A g (t, t ) has been computed as well:
where
G m These expressions provide functionnal relations between time histories of spherical and deviatoric strain prescribed far away from the inclusion and the induced uniform strain history in the latter. They can be used to extend, at least from a formal point of view, to aging viscoleasticity any linear elastic homogenization scheme based on Eshelby's solution, by simply substituting the classical tensor double contraction operations by Volterra operations. The resulting expressions will involve multiple time convolutions as well as Volterra inversions, and will thus be rather involved.
To face this difficulty, numerical procedures to compute the Volterra operator and its inverse proposed in [5] are used to turn these formula into a practical tool [81] . The estimate of the effective behavior of a concrete will be compared to results of 3D numerical simulations in section 2.3.1. It is to be mentioned that the method of Sanahuja produces an estimate of the effective behavior at once: the output is a matrix representing the global linear viscoelastic behavior of the composite material over an initially specified period of time. A single run of the method of Sanahuja handles all loading directions at once while two full 3D numerical computations are needed to simulate hydrostatic and shear creep tests. 4
In its initial formulation, the method of Sanahuja is limited to homogenization models based on the Eshelby solution of an isotropic spherical inclusion embedded in an isotropic matrix. Since solving the Eshelby inhomogeneity problem for ellipsoidal inclusions is likely to be a tedious and complex task because in particular of the multiplicity of the loading cases to be considered to address the induced anisotropy, another viewpoint is introduced in the next section. Eshelby's inhomogeneity problem is solved for ellipsoidal inclusions provided that the linear viscoelastic matrix features a time-independent Poisson's ratio which means that the time dependence of the relaxation function is purely scalar, of the form g(t, t ) = f (t, t )g(0, 0), as illustrated in figure 1. [81] . Center and right: the inclusion problem and the inhomogeneity problem solved in the present study.
The hypothesis of a time-independent Poisson's ratio
It is well known that the contraction ratio of a viscoelastic materials is a function of time or frequency [52, 58] . The ratio of the lateral strain to the axial strain during a tensile creep test is called the creep Poisson's ratio as in [47] , the effective time-dependent Poisson's ratio ν(t, t ) being the ratio of the lateral strain ε lat to the axial strain ε during a tensile stress relaxation test [94, 99, 93, 47, 52, 58] :
The time-dependent Poisson's ratio is consistent with the Poisson's ratio defined in the Laplace-Carson space [93, 52, 60] or in the frequency domain [76, 75, 93, 18] for non-aging materials and it represents a valid constitutive property [93, 60] . The experimental measurement of a creep Poisson's ratio demands highly accurate measurements be made on the same specimen, at the same time, and under the same conditions of the experimental environment [100, 93] . Regarding cementitous materials, the creep Poisson's ratio of concretes [72, 48, 47 ] has been measured. The time-dependent Poisson's ratio [47] has been estimated and was found to be almost uniform at constant humidity (approximately ν = 0.18) [6, 47] . This fact has been used to model concrete [34, 7, 9] . Grasley and Lange found that the Poisson's ratio of cement paste was increasing for some materials or almost time-independent for others [36, 60] . The accuracy of experimental measurements of the Poisson's ratio may be undermined by additional strains such as autogeneous shrinkage in cementitious materials, which must be accounted for [36] . The viscoelastic Poisson's ratio of a hydrating cement paste has been investigated by full 3D numerical simulations [60, 61] in which the cement paste is described as a composite material. The dissolution of cement grains results in a predicted decreasing viscoelastic Poisson's ratio at early ages, but later-age cement paste is capable of exhibiting increasing, decreasing, or uniform evolution of the Poisson's ratio with time [60] .
The hypothesis of a time-independent Poisson's ratio is nevertheless considered as reasonable for cementitious materials and it is necessary for the extension proposed in the current section. It is formally explained in the following equations.
The aging viscoelastic constitutive phases of the composite materials considered here are supposed to have a time-independent Poisson's ratio ν. The consequences on the relaxation functions K(t, t ) and G(t, t ) are derived by writing that the lateral stress must be null during tensile stress relaxation tests:
Since the previous equation is valid for all loading times t and all times t, the spherical relaxation function K(t, t ) varies directly with the deviatoric relaxation function G(t, t ) and:
Hence, the relaxation tensor of these materials have the following property [39] :
where g(0, 0) is the instantaneous elastic stiffness at t = 0 and f (t, t ) is a scalar function such that f (0, 0) = 1.
Eshelby's solution for ellipsoidal inclusions
Let us consider here an elastic solid of stiffness g(0, 0) that undergoes a uniform eigenstrain ε * in a bounded domain V of characteristic function χ V (x). Because of the linearity of the equations governing local strain and stress fields, the strain ε(x) at any point x in the body is a linear function of the eigenstrain ε * :
This strain field ε(x) is compatible and the corresponding stress field σ(x) is:
The stress field σ(x) is self-balanced. Moreover, assuming the elastic body infinite and the domain V of ellipsoidal shape, Eshelby [25] showed that the tensor (x) is uniform on the inclusion:
where is Eshelby's tensor [25] . In the case of an isotropic tensor of module g(0, 0), the tensor only depends on the Poisson's ratio ν of g(0, 0) and on the shape of the ellipsoidal inclusion.
It is now supposed that, in an ellipsoidal domain V of characteristic function χ V (x), an aging viscoelastic solid of relaxation tensor g(0, 0)f (t, t ) undergoes a history of eigenstrain ε * (t). Let us show that the strain field history ε(t, x) = (x) : ε * (t) is the solution to the aging viscoelastic Eshelby's problem. First, it is compatible at all time t. Second, the corresponding stress field history reads:
The property of the aging viscoelastic compliance described in equation 1 is used:
An equivalent eigenstrain history ε * * (t) =
is introduced and directly linked to stress field history at the same time:
Hence, σ(t, x) is self-balanced at all time t. Consequently, ε(t, x) = (x) : ε * (t) is the solution of the aging viscoelastic Eshelby's problem for this class of materials. The viscoelastic tensor (t, t , x) is similar to the elastic case:
The strain field reads:
In particular, it must be noticed that the viscoelastic localization tensor is still uniform on the ellipsoid and the viscoelastic Eshelby's tensor (t, t ) = H(t − t ) is defined. For any eigenstrain history ε * (t), the uniform strain field in the inclusion ε(t) reads:
From a more physical point of view, this means that the strain field in this viscoelastic problem is essentially identical to the one of the purely elastic one. The time dependence of this strain field directly follows the time dependence of the prescribed eigenstrain, On the other hand, the stress field is sensitive to the time-dependence of the constitutive relation. This property will be used hereafter to extend standard linear homogenization schemes based on Eshelby's solution for ellipsoidal inclusions to aging visco-elasticity.
Extension of homogenization schemes
Eshelby's reasoning to extend Eshelby's solution to the inhomogeneity problem of an ellipsoidal inclusion having an elastic stiffness differing from the one of the remainder is applied to aging viscoelastic materials in the current section.
Definition of Volterra's tensorial operators and properties
The tensorial Volterra operator described by Sanahuja [81] have interesting properties which ease further computations. Let g a (t, t ) and g b (t, t ) be two relaxation tensors (order 4) and ε(t) be an history of the strain field (tensor of order 2). The tensorial Volterra operator of order 2, noted as: is the operator such that:
It must be noticed that:
where H(t − t ) is Heaviside's function and I is the unit tensor of order 4. The tensorial Volterra operator of order 4 is such that:
Some properties of these operators are listed in the current section. Their proofs, in Appendix C, rely on the causality principle. Obviously, these operators are bilinear. Moreover, the right and left identity of the tensorial Volterra operator of order 4 is H(t − t )I:
These operators can be associated:
The tensorial Volterra operator of order 4 is associative:
Nevertheless, the Volterra operator is not commutative. The inverse of the relaxation tensor g a is the compliance tensor g −1 a such that:
The left and right inverses are equal since the Volterra operator is associative.
These notations are applied to the viscoelastic Eshelby's solution. The strain history in the inclusion ε reads:
The stress history in the inclusion reads:
Extension to the ellipsoidal inclusion
A homogeneous strain field E(t) is added to the viscoelastic Eshelby's solution for a uniform eigenstrain history ε * (t) in an ellipsoidal region of a linear viscoelastic material.
The total strain in the inclusion is ε + E where ε = H:ε * . The stress field in the inclusion is:
A viscoelastic inhomogeneity of relaxation tensor g i (t, t ), free from eigenstrain, is substituted to the reference material in the ellipsoidal region. To ensure a compatible strain field history at all time, this inclusion feature the same total strain history ε + E. Hence, the stress field in the ellipsoidal region reads:
To ensure a self-balanced stress field, the stress field in the ellipsoidal inclusion is required to be equal to the one before substitution:
This requirement dictates the choice of the eigenstrain history ε * :
The strain in the inclusion ε l reads:
Hence, the expression of a localization tensor for the inhomogeneous inclusion ε l = :E has been derived. It is similar to the elastic case, except for the use of the Volterra operator:
This result is restricted to a viscoelastic reference material g featuring a time-independent
Poisson's ratio, as described in equation 1. It must be noticed that there is no restriction on g i . Indeed g i can represent any aging linear viscoelastic anisotropic material.
An anisotropic behavior may also be considered for the reference material, as long as the property defined in equation 1 is satisfied. Eshelby's tensor has been explicitly evaluated up to transversely isotropic material [68] and numerically evaluated in other cases [30] .
The particular case of an elastic inclusion g i (t, t ) = g i H(t − t ) leads to further simplifications:
g i H − HI)
The equation
where ε l is the unknown is a Volterra integral equation of the first kind.
Homogenization schemes
Mean field homogenization schemes considered in the present study are the HashinShtrikman lower bound [38] or the Mori-Tanaka scheme [65] , as reconsidered by Benveniste [15] . These mean field methods rely on Eshelby's equivalent inclusion theory [25] to estimate the stress concentrations in ellipsoidal inclusions. The elastic Mori-Tanaka estimate g e M T accounts for the volume fraction of inclusions c i and the distribution of orientations of inclusions f (ψ). It is the solution of equation:
Here, g i (ψ) is the elastic stiffness of inclusions having orientation ψ ; g(0, 0) is the elastic stiffness of the matrix; e (ψ) is the strain concentration tensor expressing the strain in the inclusions having orientation ψ as a linear function of the strain at infinity, g(0, 0) being the elastic stiffness tensor of the reference material. Tensors g i (ψ) and e (ψ) are computed by rotating g i (0) and e (0) using Bond transformations [19, 3] . The equation 7 is extended to the case of viscoelastic materials [81] :
where (ψ) is derived by rotating (0), which expression is given in equation 6. The relaxation tensor of the overall material g M T is computed as:
This closed-form formula summarizes the extension of the Mori-Tanaka scheme to aging linear viscoelastic matrices featuring a time-independent Poisson's ratio. It is to be noticed that there is no restriction on the behavior of the inclusions: aging linear viscoelastic anisotropic inclusions can be considered.
The alternative Ponte Castañeda-Willis scheme also provides an estimate of the overall stiffness of a composite featuring ellipsoidal inclusions [74] . It accounts for inclusion shape and spatial distribution independently. Its extension to linear aging viscoelasticity reads: (9) where
where d is Eshelby's tensor corresponding to spherical inclusions. The similarities and differences between the Mori-Tanaka scheme and the Ponte Castañeda-Willis scheme are presented in references [74, 42, 40, 41] .
To turn these closed form formulas (Eq. 8,9) into a practical way to upscale the viscoelastic behavior of composite materials, a procedure to represent strain history and to compute the Volterra operators is defined in the next section.
Applications of the extended Mori-Tanaka scheme

Numerical computation of Volterra's operators
A numerical procedure is now depicted to compute the localization tensor according to equation 6 and to evaluate the overall behavior defined by the extended Mori-Tanaka scheme in equation 8. This procedure is similar to the one of Sanahuja [81] , except that it must be able to deal with tensor histories instead of scalar functions of time.
Following Sanahuja [81] and Bažant [5] , time is discretized into steps 0 < t 0 < ... < t n and a quadrature rule is used to approximate integrals and solve the Volterra equation.
The strain history ε(t ) and the relaxation function g(t i , t ) are approximated as a piecewise linear functions on [t 0 ; t n ]: for all time t i and at time t ∈ [t j ; t j+1 ], these functions are evaluated as:
Moreover, it is assumed that ε(t ) = 0 on [0; t 0 [. This difference to the method of Sanahuja [81] is introduced to accurately depict situations where the material is loaded at t 0 , such as relaxation tests or creep tests. The corresponding stress history σ = g:ε is estimated by trapezoidal approximation:
Hence, strain history and stress history are represented as vectors ε = [ε(t 0 ), ..., ε(t i ), ..., ε(t n )] and σ = [σ(t 0 ), ..., σ(t i ), ..., σ(t n )]. The relaxation function g is represented as a matrix C such that σ = C.ε. As written by Sanahuja [81] , its generic blocs of size 6 × 6 reads:
This matrix is lower triangular per block, as could have been anticipated from the causality principle. An elastic behavior corresponds to a diagonal per block matrix.
Computing and g M T resumes to matrix-matrix products, matrix-vector products and inverting lower triangular per block matrices. It must be noticed that the last step is equivalent to time-stepping if blocked lines are inverted one after another [44] .
The accuracy of the extended Mori-Tanaka scheme, which uses the numerical procedure described above, is to be checked.
Validation against reference solutions
The method described above must be validated against existing tools whenever possible. The case of aging viscoelastic polymer is interesting due to the fact that the Laplace-Carson method may be used after a change of variable defining an equivalent time. The time-dependent strains estimated by this method are used as references to validate the model described above in case of elongated inclusions.
Aging of polymer by the time-shift method
A composite material made of elastic glass fibers embedded in an aging viscoelastic polymer as in [55] is considered. The compliance of an aging viscoelastic polymer is modeled by the time-shift method and a Kohlrausch-Williams-Watts (KWW) function [49, 98] . It reads:
where t 0 is an isotropic stiffness tensor and m = 1/3 is common to various polymers below the glassy temperature and to metals. If the snapshot condition (t − t ) << t is satisfied, the expression of the compliance resumes to the momentary creep curve:
which is similar to the KWW function if t is set. The aging parameters µ and
Values of these parameters have been fitted to the experimental creep performed by Read [77] on Polyvinyl Chloride (PVC). It must be noticed that the ratio between the function φ ZW (t) = 1 + t/b with b = 3000s defined in [101] and the function φ(t) used in the present article is nearly uniform between 1 day and 100 days for PVC, leading to the conclusion that these definitions of the equivalent time are consistent in this range. Yet, the equivalent time defined in [101] can be preferred if extrapolation to long term creep is to be performed.
Furthermore, Kelvin chains are adjusted to the KWW function to ease the forward Laplace-Carson transform. These values from [55] 
Here, g i (ψ) is the elastic stiffness of inclusions having orientation ψ ; g 
Results on a fiber reinforced polymer
The effect of large aspect ratios on the time-dependent strain is estimated by the Laplace-Carson method and the extended Mori-Tanaka scheme, the volume fraction of glass fibers being set at 20% and the time of loading at 10 days. A large aspect ratio tends to reduce the time-dependent strains. The estimate of these strains are merely identical for the two methods, which both rely on the Mori-Tanaka model to perform the homogenization step. The relative error between the estimates of strains remain below 13 1% (Fig. 2) . This error arises from the fit of the Kelvin chain and from the GaverStehfest inversion formula for the Laplace-Carson method or from the representation of the compliance as a matrix and subsequent computations for the time-space method.
Since the accuracy of the extended Mori-Tanaka scheme is established, it is applied to aging cementitious materials in the next section. 
Validation against full 3D numerical simulations 2.3.1. Full 3D numerical simulations
In the frame of periodic homogenization, the determination of the overall viscoelastic behavior of a periodic microstructure can be obtained by solving the following auxiliary problem on the periodic unit cell V .
Here E(t) is the time-dependent overall strain, u(t, x) is the displacement field in V ,∇ s u(x, t) is its symmetric gradient, ∂V is the boundary of V and n(x) is the outer normal to ∂V . Actually, E(t) is the volume average of ε(x, t) and we denote by Σ(t) the volume average of σ(x, t).
Full 3D numerical simulations have already been performed to upscale mechanical properties of composites in the frame of the periodic homogenization theory. The finite element method or the Fast Fourier Transform (FFT) method [67, 103, 87, 24, 83] are used to solve elastic problems. The Random Sequential Adsorption algorithm [27] is used to generate periodic microstructures [14, 71] . Overlapping between polyhedral inclusions is prevented thanks to the Gilbert-Johnson-Keerthi distance algorithm [33] as in [56] . Convex polyhedral inclusions are defined as the convex hull of 12 points. Polyhedra are then scaled to match the volume of the corresponding inclusion. The resulting microstructure is displayed on figure 3 .
The 3D numerical method used in the present article is the one designed byŠmilauer and Bažant [103] developed for cementitious materials. This method which relies on the exponential algorithm [102, 89, 12 ] is a time-iteration procedure to solve the viscoelastic problem for the case of steady loads. It features an integration of the constitutive equations on each time step assuming a uniform stress rate, to enable the time step to grow exponentially when performing a relaxation (or creep) simulation. The exponential algorithm has been recently combined with the FFT algorithm as solver for the unit cell tangent problem [103, 87] .
The strain ε triggered by a periodic polarization field τ in an homogeneous material of stiffness g * 0 , submitted to the average strain E is given by the Lippman-Schwinger equation:
ε = E − * 0 * τ where * 0 is a Green operator. The convolution of * 0 and τ is computed in the frequency domain thanks to the FFT. The polarity tensor τ is chosen so as to account for the heterogeneity of the considered material g(x):
The strain field must satisfy the following equation:
This equation is solved by a fixed point algorithm [67] ( Appendix B).
Although this 3D numerical method can treat large and complex microstructures, it requires large amount of memory and time. The implementation used in this article is parallel so as to be ran on clusters [56, 55] .
The case of cementitious materials: the B3 model
The B3 model [11, 8] has been designed to estimate the mechanical behavior of concrete, including its basic creep. The creep compliance of the B3 model t B3 is the sum of two aging compliances. The first one t ea represents the effect of hydration at early age and the second one t q4 is irrecoverable, while satisfying the logarithmic long term trend of creep strains of concretes.
t B3 (t, t ) = t ea (t, t) + t q4 (t, t ) [11, 8] .
At early age, the phenomenon of aging, which is caused by cement hydration and probably also by gradual formation of bonds akin to polymerization, causes major complications for the modeling of concrete creep. The aging of a cement paste is treated as a consequence of volume growth of the load-bearing solidified matter (hydrated cement) whose compliancë is non-aging:
where λ 0 = 1 day. Although a value of n = 0.1 is used at concrete scale [11, 8] , higher values (n = 0, 24) have been used for a cement paste with high water to cement ratio [35] . At the nanometric scale of the calcium-silicate-hydrates (C-S-H), this parameter may be set at n ≈ 0.35 [103] . The parameter n drives the discrepancy between the elastic response t − t << 1, where¨(t − t ) ≈ (t − t ) n and the long term trend t − t >> 1, where¨(t − t ) ≈ n ln(t − t ). The creep tests of Grasley & Lange [36] may be used to set this value.
The early-age compliance t ea (t, t ) of the solidifying cementitious material should satisfy the following conditions:
where v(t) is proportional to the volume fraction of load-bearing material at time t and g q1 is the dynamic part of the elastic stiffness. The inverse of this dynamic Young Modulus is q 1 = 0.6/E 28 where E 28 is the measured elastic stiffness at 28 days. This ratio of 0.6 is consistent with the experimental results of Kawasumi et al. [23] (Tab.2).
According to the B3 model, v(t) reads:
= q 2 λ 0 t + 0.29 * (w/c) t − t = 0.01 and t = 28 days. Hence:
The Young Modulus increases with time up to a limit: For w/c = 0.5, the B3 model expects the long term Young Modulus to be 30% higher than the Young Modulus at 28 days while experimental results on sealed samples of concretes [34] exhibits an increase of about 10% of the Young Modulus between 28 days and 1 year. Moreover, models ACI209, Eurocode2 and the BPEL91 expect respectively the long term Young Modulus to be 8%, 9% and 3% higher than the Young Modulus at 28 days, for a normal cement (R or ASTM I) [17] . Consequently, the function v(t) is modified under the assumption that aging stops once the Young modulus reaches 1.1 times the Young modulus at 28 days and v(t) must remain below a maximum value v max , which reads:
The strain rate reads:
To enable full 3D numerical simulations, the non-aging part of the compliance Φ(t−t ) is considered as a series of Kelvin chains (Tab. 3):
The internal variables are:
The evolution equations are:
A irrecoverable part of creep strain ε q4 in cementitious materials is taken account of in the second compliance t q4 (t, t ). Its expression was derived from the theory of the relaxation of microprestress [10] , designed to explain long-term aging and model the n 0
100000 days E 8 3.60 1.22 Table 3 : A Dirichlet series
0 is fitted according to the nonaging part of the compliance Φ(t − t ) = ln(1 + λ
aggregates Elastic E 0 60 GPa ν 0.25 Table 4 : Parameters of the viscoelastic behavior of a cement paste, according to model B3. The Poisson's ratio of the cement paste is assumed to be equal to 0.2.
Pickett effect when the relative humidity changes. This aging compliance features a logarithmic long term trend:
where the inverse of the Young modulus of g q4 is q 4 = 2.10
MPa −1 for a saturated cement paste [103] . The corresponding evolution equation is:
The strain rateε(t) is the sum of these two strain rates. It results in the following evolution equations:
Results
The behavior of the matrix is the one of a cement paste (Fig. 4 ) of water to cement ratio w/c = 0.5 and Young Modulus at 28 days E 28 = 13.5GPa. The inclusions are 18 considered as elastic, as aggregates in concrete (Tab. 4) and the volume fraction of inclusions is 60%. The sieve curve corresponds to the one of a concrete with a small maximal diameter (13.5mm) and a coarse sand (Fig. 3) . A 3D microstructure featuring polyhedral inclusions is generated and discretized on a 384×384×384 grid as described in [56] . Uniaxial creep tests are simulated, the concrete being loaded at 7, 28 and 365 days. The numerical estimates of the time-dependent strains are compared to the one produced by the time-space method of Sanahuja (Fig. 5) . The difference between instantaneous strains is small and the time-space method overestimates the time-dependent strains compared to 3D numerical results. A significant discrepancy exists as the concrete is loaded at early ages (≤7 days). The difference between estimates of time-dependent strains increases with time elapsed since loading but remains acceptable. In conclusion of this comparative study, the method of Sanahuja [81] can be considered as a practical and efficient method to upscale the viscoelastic properties of a concrete featuring round aggregates.
New possibilities: studying influence of aggregates'aspect ratio
The time-space method is now used to study the influence of the aspect ratio of aggregates on the time-dependent strain of concrete, the volume fraction of aggregates being set to 60%. Indicators describing the inclusions' shape such as elongation ratio and flakiness ratio have been defined and measured on real samples of aggregates [50, 2, 1, 43] . For an ellipsoidal inclusion with principal axes of lengths a > c > b, the elongation ratio is a/c and the flakiness ratio is b/c. The elongation index and flakiness index correspond to the volume fraction of inclusions featuring respectively an elongation ratio greater than 1.8 and a flakiness ratio lower than 0.6. For normal mix design, the combined (flakiness + elongation) index for coarse aggregates must be limited to 25%, for workability reasons [29] . If the inclusions are spheroids, or ellipsoid of revolution, of semi- is shown in figure 6 that the aspect ratio of aggregates has little effect on the estimated time-dependent strains of concretes, even as the aspect ratio a/b of all aggregates is 0.33 or 3, corresponding to a combined index of 100%. Moreover, full 3D numerical computations are performed on periodic microstructures featuring spherical (a/b = 1) elongated (a/b = 3) or flat (a/b = 0.33) inclusions (Fig.7) . It must be mentioned that a single run of the 3D numerical simulation takes more than one hour using eight nodes of the Athos cluster of EdF Lab [90] while running the time-space method lasts less than five minutes on a common laptop computer. It is shown on figure 8 that the results of the time-space method are consistent with the ones of full 3D numerical simulations. In case of non-spherical inclusions, the estimates of the Ponte Castañeda-Willis scheme are closer to the results of 3D numerical than the ones of Mori-Tanaka. Indeed, both the Ponte Castañeda-Willis scheme and 3D numerical simulation expect the flat inclusions to be slightly more effective than elongated inclusions at reducing creep strains. Yet, the time-dependent strains estimated by 3D numerical simulation are slightly higher than the one of Ponte Castañeda-Willis scheme though the later is a lower bound on the elastic stiffness in the range of elasticity. It may be due to numerical errors since the numerical simulations are performed by using Kelvin chains adjusted to the compliance used by the 20 Ponte Castañeda-Willis scheme. Moreover, in 3D numerical simulations, the behavior of voxels overlapping on two phases is set according to a Reuss bound: the estimated creep strains slightly decreases as the grid size increases [56] . Finally, it must be noticed that the considered aspect ratio (a/b = 3 or a/b = 0.33) and volume fraction (c i = 60%) are out of the domain defined by Ponte Castañeda and Willis to enforce the hypothesis of impenetrability of the inclusions [74, 42] :
However, the small difference between the estimated time-dependent strains spotted in the case of spherical inclusions is not larger in the case of elongated of flat inclusions. Indeed, both full 3D numerical simulations and homogenization schemes lead to the conclusion that the influence of the aspect ratio of aggregates on the time-depend strains is limited. Consequently, as long as an isotropic distribution of the orientations of aggregates is considered, the aspect ratio of aggregates cannot be held responsible for the discrepancies between the time-dependent strains of concretes of similar formulations. 
Discussions
It has been shown that the time-space method is relevant to estimate the timedepend strains of a concrete since these estimates are similar to the one obtained by full 3D numerical simulations (Fig. 5,8) . Moreover, the small difference between these 22 estimates and its increase with the time elapsed since loading can be attributed to the low contrast between the elastic stiffness of the aggregates and the tangent stiffness of the cement paste on each time step. Indeed, the contrast of mechanical properties between the phases coupled with the large volume fraction of inclusions may explain such a difference, since it is higher at early age and it increases with the time elapsed since loading. A definition of the contrast between phases featuring isotropic elastic behavior Θ stems from the FFT algorithm [66] . It reads:
where K min and K min (respectively G min and G max ) are the minimum and maximum of the bulk modulus (respectively shear modulus) in the microstructure. For numerical computations, the contrast of tangent stiffness between the cement paste and the aggregates on the first time step is Θ = 11 at 1 day and Θ = 4.5 at 365 days. 20000 days after loading, it increases to Θ = 14 in both cases. In the range of elasticity, Ghossein and Lévesque [31, 32] have shown that that none of the analytical models they have tested provides accurate estimates for all contrasts and all volume volume fractions of inclusions. Yet, they have checked that the error on the overall elastic strains estimated by the Mori-Tanaka scheme is low if the contrast between the stiffnesses of inclusion and matrix is lower than 20 and for volume fractions of inclusions lower than 50%. Choosing the tangent stiffness to define the contrast between the phases is arguable, since the tangent stiffness depends on the duration of the time step. Yet there is not an obvious definition of the contrast between phases for viscoelastic materials and the duration of time-step can be related to the loading duration and variability, which must be accounted for as viscoelastic materials are considered. The tangent stiffnesses of a series of Kelvin chain, the Generalized Maxwell model and the Zener model are bounded, but it is not the case of the Maxwell model or of the Burger model due to the dashpot in series. In these cases, the tangent stiffness tends to zero for long time steps and the contrast would become infinite if the loading duration were not accounted for. The analytical result presented in this paper is restricted to viscoelastic materials 23 featuring a time-independent Poisson's ratio. Some important materials, such as asphalt concrete [22, 69, 46, 45] do not comply with this restriction. Moreover, the effect of bulk viscosity is not considered as rubber [78, 28] is studied and the same assumption is made to model mixed oxides nuclear fuels [82, 53] , except if hot pressing it to be considered [82] . The extended Mori-Tanaka scheme proposed in this paper is not able to handle these composite materials due to the hypothesis of a time-independent Poisson's ratio of the matrix. Incremental homogenization approaches [51, 79, 63] , full-field computations [61, 60, 45] or reduced-order models [28, 53] proved useful to estimate the overall timedependent strains of such composite materials.
Conclusion
The homogenization method of Sanahuja [81] is extended to the case of elongated or flat inclusions embedded in an aging viscoelastic matrix, as long as the reference material features a relaxation tensor which can be written as g(t, t ) = g(0, 0)f (t, t ). It corresponds to reference materials having a time-independent Poisson's ratio and it is a common assumption due to lack of clear experimental evidence on the evolution of the viscoelastic Poisson's ratio. As for the method of Sanahuja [81] , a practical procedure to derive an estimate of the time-dependent strains of a composite material is proposed.
The method described above has been successfully compared to existing methods, namely a semi-analytical homogenization method using the Laplace-Carson transform for non-aging viscoelastic materials and full 3D numerical simulations. Estimates of the time-dependent strains of a fiber-reinforced polymer and a concrete have been compared and they are found similar. Consequently, these three methods are consistent. The extended method was used to estimate the influence of the aspect ratio of aggregates on the time-dependent strains of concretes: it is shown that the viscoelatic behavior of concrete is not significantly affected by the aspect ratio of aggregates.
The extension presented in this article has many advantages. As in the method of Sanahuja, the output is an estimate of the effective behavior of the material and the computational time is much lower that the one of a single full 3D numerical simulation. Moreover, there is no restriction on the behavior of the inclusions: anisotropic aging viscoelastic materials can be handled as easily as isotropic ones. Regarding the matrix , as long as the reference material features a time-independent Poisson's ratio, any compliance can be incorporated without additional adjustment.
If the viscoelastic Poisson's ratio of the reference material is time-dependent, the method presented in this paper is not valid anymore and extending the method of Sanahuja [81] to the case of elongated or flat inclusions is not straightforward. A perturbation method is currently being investigated to account for a change of Poisson's ratio with time. The basic FFT algorithm (Alg. 1) is the one of Moulinec and Suquet as described in [67] . The accelerated FFT algorithm (Alg. 2) is the one of Eyre and Milton [26] . These algorithms are particular cases of the polarization-based scheme [64, 66] . The error on equilibrium error eq and 0 (ξ) are computed as described in reference [67] . If the loading is a macroscopic stress Σ instead of a macroscopic strain E, the macroscopic strain E i is modified at each time step as E i = g 0 (Σ − σ i ) + ε i , where σ i denotes the volume average of σ i . In this case, the error on boundary condition is modified as error bc =< σ i > −Σ [67] .
Algorithm 1 Basic FFT scheme
Initial strain field ε 0 (x) and prestress σ 0 (x) are provided Initial strain fieldε −1 (ξ) is set while error eq > 10 −7 × error eq,0 do for x ∈ points do σ i (x) ← g(x)ε i (x) + σ 0 (x) end for σ i ← FFT(σ) Compute error on equilibrium error eq for ξ ∈ frequencies dô ε(ξ) i+1 ←ε(ξ) i − 0 (ξ) :σ i (ξ) end for ε(0)
i+1 ← E ε i+1 ← FFT −1 (ε i+1 ) end while Algorithm 2 Accelerated FFT scheme Initial strain field ε 0 (x) and prestress σ 0 are provided Initial strain fieldε −1 (ξ) is set while error eq > 10 −7 × error eq,0 or error bc > 10 −7 × error bc,0 or error comp > 10 g a: (g b: ε)(t) = t t =−∞ g a (t, t ) : The associativity has been demonstrated.
